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Throughout, X stands for a connected abstract simplicial complex.

1. If (M,x) and (N, y) are two path connected pointed topological spaces then show that
π1(M ×N, (x, y)) is isomorphic to the direct product of π1(M,x) and π1(N, y).

2. If M is a path connected topological space then show that π1(M,x) and π1(M,y) are
isomorphic for any two points x, y of M .

3. Show that H1(X) is the abelianization of π1(X).

4. (a) If X is d-dimensional then show that Hd(X) is a free abelian group.

(b) Let X be the simplicial complex whose facets are:

{1, 2, 3}, {1, 2, 6}, {1, 3, 4}, {1, 4, 5}, {1, 5, 6}, {2, 3, 5}, {2, 4, 5}, {2, 4, 6}, {3, 4, 6}, {3, 5, 6}.

Calculate χ(X) and H2(X)

5. (a) For any vertex x of X, let Xx = {α : x 6∈ α and α ∪ {x} ∈ X}. Then show that
(i+ 1)fi(X) =

∑
x
fi−1(Xx), where the sum is over all vertices of X, i > 0.

(b) A d-dimensional complex is said to be a pseudo manifold if all its facets are
d-dimensional and each (d − 1)− face is contained in exactly two facets. Show

that any such complex X satisfies fi(X) >

(
d+ 2
i+ 1

)
for all i.
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